Abstract. We study soliton solutions to the DKP equation which is defined by the Hirota bilinear form,
Introduction
We study soliton solutions of the DKP equation [1, 3, 9] , This set of equations admits a class of particular solutions, called soliton solutions similar to those of the KP equation (see for example [5] ), and in this paper we describe some properties of those solutions.
Remark 1.1. The DKP equation was given as a first member of the DKP hierarchy in [6] . In [3] , the coupled KP equation was introduced as an extension of the KP equation whose solutions are given by the pfaffian form. The DKP equation was rediscovered as the Pfaff lattice describing the partition function of a skew-symmetric matrix model in [1, 7] , and was also found as an orbit of some infinite-dimensional Clifford group action in [9] .
The τ n functions are given by the pfaffians of 2n × 2n skew-symmetric matrices Q n whose entries are denoted by Q i,j for 1 ≤ i < j ≤ 2n with Q j,i = −Q i,j , (1.2) τ n = Pf(Q n ) = Q i,j = φ With those φ and ψ, the elements Q i,j , 1 ≤ i < j ≤ 2n become (1.5)
where b k,l = a k b l − a l b k , and E k,l := E k E l = exp(θ k + θ l ). As a generalization of this form of Q i,j , we consider an arbitrary M × M skew-symmetric matrix B = (b k,l ) 1≤k,l≤M . We then note that the 2n × 2n matrix Q n in the τ -function τ n can be expressed as (1.6) Q n (x, y, t) = E n (x, y, t)BE n (x, y, t)
T where E n is a 2n × M matrix with its transpose E T n , and it is given by
. . . . . . . . .
In this paper, we discuss a classification problem of several soliton solutions given by (1.6) in terms of the B-matrix. Note here that M > 2 for n ≥ 1, since the case with M = 2 gives a trivial solution, i.e. τ 1 = Q 1,2 = b 1,2 (p 2 − p 1 )E 1 E 2 and u = 2(ln τ 1 ) xx = 0. Also note that one needs M > 2n for u = 2(ln τ n ) xx = 0. One should also note that if τ n+1 = 0 (i.e. v + = 0), the corresponding solution satisfies the KP equation. This condition can be of course obtained from the structure of the B-matrix. For example, if we take M = 3, then τ 2 vanishes identically (the size of the pfaffian is 4 × 4, but the independent exponentials are three or less). This implies that τ 1 with M = 3 gives a solution of the KP equation, and it gives either one KP soliton solution or a resonant Y-shape KP soliton: With a 3 × 3 B-matrix, we have
The function u = 2(ln τ 1 ) xx gives one KP soliton solution if one of b i,j is zero (with others being positive), and Y-shape KP soliton if all b i,j are positive. For example, with b 1,2 = 0, we have τ 1 = (b 1, 3 (p 3 − p 1 )E 1 + b 2,3 (p 3 − p 2 )E 2 )E 3 which leads to (1.7) w(x, y, t) := ∂ ∂x ln τ 1 = p 3 + 1 2 (p 1 + p 2 ) + 1 2 (p 2 − p 1 )tanh 1 2 (θ 2 − θ 1 ).
The asymptotic values of w then take w(x, y, t) → p 1 + p 3 , for x → −∞ p 2 + p 3 , for x → ∞ Note here that the one soliton exchange the asymptotic values of (1, 3) := p 1 +p 3 and (2, 3) := p 2 +p 3 , that is, this one soliton permutes the numbers, (1) ↔ (2). We then label one soliton of the KP equation as an element of the permutation group W , in this case W = S 3 , the symmetry group of order 3. We denote the one soliton solution (1.7) by [1 : 2] , and call this type of soliton A-soliton ("A" stands for type A Lie algebra which is the underlying symmetry algebra for KP equation). In general, we denote one A-soliton by [i : j], if the function w exchanges p i ↔ p j with p i < p j . We sometime identify [i : j] as an element of the symmetry group. A generic solution of the DKP equation is then obtained for M ≥ 4. In particular, we obtain one soliton solution in the case M = 4 with the B-matrix having just two nonzero elements in the upper triangular part. For example, we consider the B-matrix having b 1,2 = 1, b 3,4 = 1 and all others b i,j = 0 for i < j. Then
This gives (1.8) w(x, y, t) := ∂ ∂x ln τ 1 = 1 2
For each asymptotic of x → ±∞, one of the exponential terms in the τ -function becomes dominant. In the case of (1.8), we have
Thus, this one D-soliton exchanges (1, 2) ↔ (3, 4) with the values of w where (i, j) := p i + p j . This indicates a Weyl-action of D-type: For example, π 1,2 ∈ W D may be expressed as
We denote this D-soliton by [1, 2 : 3, 4] . Then identifying [1, 2 : 3, 4] In this paper, we study soliton solution of the DKP equation consisting of those A-and D-type soliton solutions. In Section 2, we give a general structure of the τ -functions. Then in Section 3, we discuss some details of one D-soliton solutions given by the B-matrix of size 4 × 4. Here we also classify the soliton solutions obtained by 4 × 4 B-matrices. In Section 4, we present the soliton solutions for the case of 8×8 B-matrices, and classify the soliton solutions consisting of only D-types. It turns out that the case with 8 × 8 B-matrix can have either two or three D-solitons depending on the values of the parameters { p i : i = 1 . . . 8 }. The generic solution given by the B-matrix having * AND KEN-ICHI MARUNO † all nonzero entries is then given by four A-solitons. Finally we discuss the general case of 4N × 4N B-matrices, i.e. M = 4N , in Section 5. Then we show that the number of D-solitons for those B-matrices having 2N nonzero entries in the upper triangular part can be any number from N to 2N − 1, contrary to the previous study (see [5] ) where the number of D-soliton is expected to be just N .
In [8] , we showed that the N -soliton solutions of the KP equation can be classified by the Schubert decomposition of the Grassmannian Gr (N, 2N ) . We also expect that N -soliton solutions of the DKP equation can be classified by the similar decomposition of the orthogonal Grassmannain OGr(M, 2M ) for some M . However, in this paper, we just present elementary feature of the N -soliton solutions based on the pfaffian structure of the τ function, which is already complicated but has several interesting aspects. We plan to discuss a classification problem based on the geometric structure of the orthogonal Grassmannain in a future communication.
Structure of the τ -functions
We first note that the τ -function (1.2) with the Q n matrix (1.6) has the following expansion theorem, i.e. the pfaffian version of the Binet-Cauchy theorem (see [4] for the details):
Lemma 2.1. The τ -functions of (1.2) with (1.6) can be expressed by
where
The lower triangular part is given by 
The sign is due to the order (1.4) 
From this formula of the τ function, the soliton solutions are completely determined by the nonzero coefficients of the pfaffians Pf(B(i 1 , . . . , i 2n )) which are the Plücker coordinates of the orthogonal Grassmannan Gr(2n, 4N ). For example, if all the coefficients are positive, then we have (2n, 4N −2n)-soliton solution in u(x, y, t), that is, we have 2n out-going line solitons in y → ∞ and 4N − 2n in-coming line solitons in y → −∞ (see [2] ). As we can see from [8] Note here that if the indices in each term have partial overlap, then the product takes the minus sign, e.g. (1, 3) and (2, 4) . This is a key for the classification of four A-solitons (see Section 4).
From Lemma 2.1, one should note that each term in τ n in (1.2) is given by the product of 2n exponentials E k , i.e.
. . , n }, and they are the indices for the elements of the B-matrix, i.e. b i k ,j k . As we will show, this structure of the τ -functions will be important to identify a soliton solution in the asymptotics y → ±∞.
2.1. The B-matrix. Since the coefficients of the τ -function are determined by the B-matrix, we give some remarks on the structure of the matrix. For a generic 4N × 4N skew-symmetric matrix B, i.e. B ∈ so(4N ), there is a decomposition called skew-Borel decomposition [1] ,
where L ∈ G, the group of invertible elements in the set of lower-triangular matrices with nonzero 2 × 2 blocks proportional to identity along the diagonal, i.e.
The matrix J 0 is the 4N × 4N skew-symmetric matrix whose 2 × 2 diagonal blocks are given by 0 1 −1 0 and all the other entries are zero, i.e.
(2.1)
A non-generic element of so(4N ) may be obtained by a permutation matrix π ∈ S 4N with π
where L is not a generic element in G. Then the matrix B is given by 
In particular, with L = Id, the 4 × 4 identity matrix, we have B 1 = J 1 defined by (2.4)
Other non-generic element of B-matrix, say B 2 , having b 1,2 = b 1,3 = 0 can be expressed by In particular, for L = Id we have B 2 = J 2 defined by (2.6)
In the next section we show that those skew-symmetric matrices J 0 , J 1 and J 2 define all the one D-soliton solutions.
In general, one can start with J 0 to define the τ -functions, that is, τ n = Pf(Q n ) with Q n = E n J 0 E T n of (1.6). Then consider a generalization of the Q n -matrix by replacing J 0 with J π := πJ 0 π −1 for some π ∈ S 4N ∩ O(4N ). The role of π can be understood as the change of order of the column vectors in E n , i.e.
where the column vector
T , and π(k) indicates the permutation k → π(k). The signs in w should be chosen properly so that the new τ -function τ
T is sign-definite, i.e. non-singular (see Section 4 for more details).
One D-soliton and two A-solitons
Here we discuss the cases with 4 × 4 skew-symmetric matrix B, and show that the cases include one D-soliton and two A-solitons. which correspond to the D-solitons generated respectively by the skew-symmetric matrices, J 0 , J 1 and J 2 in Example 2.2 as the B-matrices. Recall here that the soliton label [i, j : k, l] indicates the nonzero elements b i,j and b k,l in the B-matrix. Namely for the J k -matrix with nonzero entries with 1 at (i 1 , j 1 ) and (i 2 , j 2 ) in the upper-triangular part, the τ -function is given by
with
For each asymptotic of x → ±∞, one of the exponential terms in the τ -function (3.1) becomes dominant, and we have
with the values of w, and is denoted by
as an element of the Weyl group of D-type. One soliton solution u = 2w x is a plane wave having the form,
Let us denote the wavenumber k = (k x , k y ) and the frequency ω for (3.2) by
j1 ) The slope (or velocity) of the soliton in the x-y plane is given by c :
). The peak of the soliton then determines the line in the x-y plane given by the equation θ i1,j1 (x, y, t) = θ i2,j2 (x, y, t) for each t.
We also note that the velocity c of one D-soliton can be obtained as follows: First note that a D-soliton of [i, j : k, l] gives a line θ i,j = θ k,l . Then setting x = cy for this equation, we have
Then taking the limit |y| → ∞ for the equation θ i,j = θ k,l , the velocity c of the D-soliton is determined by u i,j (c) = u k,l (c), i.e. the intersection point of u i,j and u k,l . In Figure 1 , we show u i,j (c) of and b i2,j2 in the upper triangular part, if we add a nonzero entry at either (i 1 , j 2 ) or (i 2 , j 2 ), we obtain a resonant Y-shaped soliton with the resonant condition,
Here the wavenumber k[i : j] and the frequency ω[i : j] are for the one soliton solution of the KP equation, i.e. 
appears only locally in the x-y plane. Both τ -functions for T-type two-soliton solutions of KP and DKP equations have six independent exponentials, i.e. E i,j for 1 ≤ i < j ≤ 4, which is the key to produce T-type resonant interaction of two A-solitons (see also [2, 8] ). Note that the TD-type in the case a) is not the same as the one of the KP-solitons, i.e. there is no resonance in this case. Original T-type of two A-solitons is obtained by the B-matrix having all nonzero entries and Det(B) = 0. Again there are three types of two A-solitons for DKP. These types play an important role for the classification problem as a building block. Figure 3 shows the diagrams of the three fundamental types of two A-solitons. The middle diagrams of 8-gon connect the types with the corresponding B-matrices as follows: We have nonzero b i,j if the pair (i, j) is connected in the diagram, and a corresponding A-soliton of [k : l] is given by the pair (k, l) having no connection in the diagram. Also note that the corresponding B-matrix for O-type is not in the generic one given in (2.2), but in (2.3) (compare this with the O-type of KP solitons which belong to a Schubert cell of codimension one [8] ). 
Solitons generated by 8 × 8 B-matrices
Since each D-soliton has four phases, we need eight phases to describe a two D-soliton solution.
The τ 2 -function in the case with 8 × 8 B-matrix is given by
where ∆(i 1 , . . . , i 4 ) = 1≤j<k≤4 (p ij − p i k ) > 0, and the pfaffian is calculated as Let us now construct the B-matrices for two D-soliton solutions which consist of only four nonzero entries in the upper triangular parts. We follow the steps:
(1) Take four pairs (i k , j k ), k = 1, .., 4 with i k < j k from the set {1, . . . , 8}, such that
There are (2 × 4 − 1)!! = 105 ways to make those pairs (compare this with (n − , n + ) in the case of 4 A-solitons [8] ). Those four pairs give four nonzero elements in the B-matrix, i.e. In order to determine the sign of the pfaffian Pf((i, j), (k, l)) = ±b i,j b k,l , we define:
Definition 4.1. We say that the pairs (i j , i k ) and (i l , i m ) with i j < i l have a partial overlap, if i j < i l < i k < i m . Otherwise, we say that the pairs have a non-partial overlap (i.e. total or no overlap). Let us introduce the sign of overlap between (i k , j k ) and (i l , j l ), Proof. We denote
The condition that all the terms have the same sign requires
for any k, l and k ′ , l ′ . This leads to σ 12 σ 34 = σ 13 σ 24 = σ 14 σ 23 which gives the assertion. Applying the Lemma, one can prove: (5, 8, 7, 6) , (6, 5, 8, 7) , (6, 7, 8, 5) , (7, 8, 5, 6) , (7, 6, 5, 8) , (8, 5, 6, 7) , (8, 7, 6, 5 ) .
(b) For i = (1, 2, 3, 5), there are 4 cases, (4, 7, 6, 8) , (4, 7, 8, 6) , (6, 7, 4, 8) , (8, 7, 4, 6) . , (3, 6, 8, 7) , (6, 3, 7, 8) , (8, 3, 7, 6) . The case (n) corresponds to the B-matrix B = J 0 defined in (2.1), and the B-matrices for other cases can be expressed as B = J π := πJ 0 π T for some π ∈ S 8 with appropriate signs in the entries of π. Those signs are determined so that the τ -function is non-singular. * AND KEN-ICHI MARUNO † 4.1. Two and three D-solitons. We now classify D-solitons given by the τ -functions associated with the B-matrices obtained in Proposition 4.1. We obtain:
Theorem 4.2. Suppose we have the order, (i
1 , j 1 ) < (i 2 , j 2 ) < (i 3 , j 3 ) < (i 4 , j 4 ) with (i k , j k ) := p i k + p j k .
Then as a generic situation, the D-soliton solutions of the DKP equation turns out to be the following two cases;
Proof. First we note that each τ 2 -function associated with the B-matrix given in Proposition 4.1 has six exponential terms. We denote them asÊ kÊl for 1 ≤ k < l ≤ 4, whereÊ k : . Then for large |y|, the velocity c of asymptotic soliton can be given by the intersection point of u i k ,j k = u i l ,j l , where as a generic situation only two exponential terms become dominant, saŷ E kÊm andÊ lÊm (see also [2] for the details, and Figure 5 
below). The soliton is then identified as
Then there are two cases where the number of solitons, i.e. the number of balancing pairs of dominant exponentials, is either two or three. To show this, we consider, for example, the case with i = (1, 2, 3, 4), j = (5, 6, 7, 8). We set the parameter p so that p
whith p (1) k := p i k +p j k . Keeping this order, one can choose p, so that we have p One can also make a different order for p (2) k , e.g. p 
Thus there is a freedom in the ordering of p (2) k , and this is a key to generate three D-solitons (compare with the case for the KP equation [2, 8] where we have only two A-solitons for six exponential terms in the τ -function).
In Figure 5 , we illustrate the case of i = (1, 2, 3, 5) and j = (4, 7, 6, 8): Here the ordering is (1, 4) < (2, 7) < (3, 6) < (5, 8). Then depending on the parameters p k 's, the number of asymptotic D-solitons is either two or three. The left (right) figure shows the case of two (three) D-solitons, i.e. there are two (three) values of c where two exponential terms become dominant. It is obvious that there is no case other than those two in the general case.
We note here that all cases in Proposition 4.1 have two-D-soliton solutions, but only some cases can have three-D-soliton solution. In particular, we have: In order to prove the Proposition, we prepare the following Lemma: Let us first denote u i k ,j k as u k as before:
, where (i k , j k ) = (2k − 1, 2k) for the B-matrix of the case (n), i.e. B = J 0 . Then we have: Lemma 4.2. Let c j,k be the point of intersection given by u j (c) = u k (c). Then for a fixed index α ∈ {1, . . . , 4}, we have c α,k < c α,j < c α,i , for i < j < k , α = i, j, k . Proof. From u k (c) = u j (c), we have
Let us write p 2k−1 and p 2k as
, and we have
Suppose α < j < k (other cases follow the similar argument). Then we have
It is then easy to show c α,j − c α,k > 0.
Now we give a proof of Proposition 4.2:
Proof. From Lemma 4.2, we have the order c 1,2 < c 1,3 < c 1, 4 . Also note that the slope of u k (c) is given by p 2k−1 + p 2k =: p
4 . Then we obtain qualitative graphs of u k as shown in Figure 6 , and from the graphs, we can find the dominant pairs of the exponential terms in τ 2 for y → ±∞. This shows that the dominant pairs are given by (Ê 1Ê4 ,Ê 3Ê4 ) and (Ê 1Ê4 ,Ê 1Ê2 ) for y → ∞, and (Ê 1Ê2 ,Ê 2Ê3 ) and (Ê 2Ê3 ,Ê 3Ê4 ) for y → −∞. This implies that we have two D-solitons of [1, 2 : 5, 6] and [3, 4 : 7, 8] (recallÊ k = E 2k−1,2k ). This completes the proof. In Figure 8 , we show the interaction patterns for those cases shown in Figure 7 (they are topologically the same as in Figure 5 ). In Section 5, we will extend Propositions 4.2 and 4.3 to the general cases as Propositions 5.1 and 5.2.
Recall that a D-soliton can be identified as an element of the Weyl group of D-type, W D . In the case of two D-solitons, we have, for example, π 1,3 : (i 1 , j 1 ) ↔ (i 3 , j 3 ) and π 2,4 : (i 2 , j 2 ) ↔ (i 4 , j 4 ). The group generated by those elements is an abelian subgroup of W D , and the orbit of this subgroup of (i 1 , j 1 , i 2 , j 2 ) represents the asymptotic regions divided by the solitons, i.e. (i 1 , j 1 , i 2 , j 2 ), (i 1 , j 1 , i 4 , j 4 ), (i 2 , j 2 , i 3 , j 3 ) and (i 3 , j 3 , i 4 , j 4 ), which correspond to the dominant exponentials in the τ -function, that is,Ê 1Ê2 ,Ê 1Ê4 ,Ê 2Ê3 andÊ 3Ê4 , respectively. In the τ -function, we have two more exponential terms labeled by (i 1 , j 1 , i 3 , j 3 ) and (i 2 , j 2 , i 4 , j 4 ), i.e.Ê 1Ê3 andÊ 2Ê4 . Those terms become dominant at the points of the resonant quadrangle as in the case of two Asolitons of T-type. Namely we have a resonant two D-soliton. The resonant condition is given by, for example,
In , 7), and the right one shows three D-solitons of [1, 8 : 2, 7] , [2, 7 : 3, 6] and [2, 7 : 4, 5] with p = (−5, −3.5, −2, −1, 0, 3, 4, 7). Note that only p 2 is changed. Proof. First note that there are six exponential terms in the τ -function. Each exponential term becomes dominant in some region in the x-y plane. For example, consider two D-solitons with [1, 2 : 5, 6] and [3, 4 : 7, 8] . Then the function w = (ln τ 2 ) x takes w → (1, 2, 3, 4) for x → −∞, and w → (5, 6, 7, 8) for x → ∞. With those D-solitons, we have the regions marked by (1, 2, 7, 8) and (3, 4, 5, 6) . In addition to those exponentials, we also have (1, 2, 5, 6) and (3, 4, 7, 8) . As in the case of two solitons of the KP equation (see [2] ), a resonant interaction of Y-shape can occur. For example, [1, 2 : 5, 6] , [1, 2 : 7, 8] and [5, 6 : 7, 8] solitons are in resonant, and the three regions divided by those solitons are marked by (1, 2, 3, 4) , (3, 4, 5, 6) and (3, 4, 7, 8) . Then the six exponentials in the τ -function form two D-solitons in resonance (see the left figure in Figure 8 ). (p 1 , . . . , p 4 , q 1 , . . . , q 4 ) in Figure 8 of [5] , i.e. relabel (p 1 , . . . , q 4 ) in terms of our ordering (p 1 , . . . , p 8 ) with
The parameters chosen in the paper is then given by p = (− [1, 2 : 5, 6] and [3, 4 : 7, 8] . Then, for example, two A-soliton of type [1 : 5] and [2 : 6] are obtained by adding two extra nonzero elements at (1, 6) and (2, 5) . This fact can be verified easily from the diagram of T-type (up-side-down staircase with sides labeled by 1,2,5 and 6; see Figure 3 ). The 3-solitons obtained here has only one hole (see Figure 9 ).
One can also get two A-solitons of [1 : 6] and [2 : 5] from [1, 2 : 5, 6 ]-soliton by adding two nonzero elements at (1, 5) and (2, 6) . Notice that those two A-solitons form the diagram of P-type (cannon shape with sides by 1,2,5 and 6; see Figure 3 ).
In the same way, one can resolve [3, 4 : 7, 8 ]-solitons into either the pair of [3 : 7] and [4 : 8] or the pair of [3 : 8] and [4 : 7] , by adding extra nonzero entries to the B-matrix of the case (n). [1, 2 : 5, 6] and [3, 4 : 7, 8] , generate two A-solitons [1 : 5] , [2 : 6] from [1, 2 : 5, 6 ] and other two A-solitons [3 : 7] and [4 : 8] from [3, 4 : 7, 8] . The B-matrices for 3-solitons [1 : 5] , [2 : 6] , [3, 4 : 7, 8] and [1, 2 : 5, 6 ], [3 : 7] , [4 : 8] may be respectively The diagram corresponding to [1 : 2] , [7 : 8] is a backward C-shape (P-type shown in Figure 3 ), having 1,2,7 and 8 on the vertical edge. This implies we have nonzero elements for b 1,7 , b 1,8 , b 2,7 , b 2,8 . Now if the other pair is [3 : 6] , [4 : 5] , then the diagram associated to this is a cannon-shape (Otype) having 3,4,5,6 on the vertical edges. This gives the nonzero entries b 3,4 , b 3,5 , b 4,6 , b 5, 6 . In this example, all those entries in the upper triangular part can take +1 for a sign-definite τ -function. Namely we have 
In Figure 11 , the right figure shows the 4-solitons generated by this B-matrix. We also mention that the τ 2 -function with the generic 8 × 8 B-matrix having all nonzero entries gives four A-solitons of T-type, that is, they are the same type of the 4-soliton solution of the KP equation. Just notice that the number of exponential terms in τ 2 is 8 4 = 70, which is the same as the τ -function for the KP equation (see [2] ). Then the asymptotic analysis of the τ -functions shows that four A-solitons are given by [1 : 5] , [2 : 6] , [3 : 7] and [4 : 8] , which are of T-type. An example of the generic B-matrix for nonsingular τ -function is given by the skew-symmetric matrix having 1's in all the entries in the upper triangular part.
Multi-soliton solutions
For the general case with arbitrary M = 4N , we consider the B-matrix with 2N numbers of nozero entries b i k ,j k for k = 1, . . . , N and 1 = i 1 < · · · < i N , i k < j k in the upper triangular part. Although there is a scheme to find the B-matrix for sign-definite τ N (i.e. having all the same sign in the pfaffian coefficients), the generalization of Proposition 4.1 seems to be difficult. However, we can show the following Propositions regarding to the number of D-solitons for two special cases: Proof. Apply Lemma 4.2, and find the dominant exponentials by following the argument of "level of intersection" introduced in [2] (the main idea here is to find the dominant exponents from the graphs of u i,j (c)).
The other case corresponds to the B-matrix, B = J π , where J π is defined by J π := πJ 0 π T with π ∈ S 4N , the permutation given by π = Figure 12 , that is, the level of intersection of those points should be four (i.e. there are four lines above those points). For example, D-soliton [4, 13 : 5, 12 ] is obtained by the intersection of u 4 and u 5 , and two dominant exponents for this soliton areÊ 1Ê2Ê3Ê4 andÊ 1Ê2Ê3Ê5 which are obtained from four lines above the intersection point u 4 = u 5 (this is the definition of the level of intersection; see [2] for more details). We have the following four cases:
(a) Four D-solitons (the top left figure) of [1, 16 : 8, 9] , [2, 15 : 7, 10] , [3, 14 : 6, 11] and [4, 13 : 5, 12] with the parameter, p = (−16, −14, −12.5, −11, −8.5, −6, −4, −2, 2, 5, 6, 9.5, 11.2, 13.5, 14, 17) . One should note that those p values do not give generic cases, since some of the lines u k (c) are parallel as shown in Figure 12 . However, one can make those to be generic by changing slightly the parameters p i 's without breaking the intersection patterns. (We show those non-generic parameters, since those provide a clear evidence of the existence of those solitons.)
We also remark that all the N -soliton solutions obtaind by τ N with the B-matrix given in Proposition 5.1 are fully resonant cases like the T-type for the KP equation, that is, the τ N contains 2N N exponential terms having the form N k=1Ê k = N k=1 E i k ,j k (see [2] ). Finally, we note that in the case of generic B-matrix having all nonzero entries, the τ N function has the maximal number of exponential terms 4N 2N which has the same structure of the τ -function for fully resonant 2N -soliton solutions (i.e. T-type) of the KP equation. Those 2N solitons are all A-type, and the interaction patterns are topologically the same for both KP and DKP equations. In those cases, the functions v ± appear only locally at the interaction regions among 2N -solitons.
